Abstract. Let K be a field of characteristic zero and A an integral domain over K. The Lie algebra Der K A of all K-derivations of A carries very important information about the algebra A. This Lie algebra is embedded into the Lie algebra R Der K A Ď Der K R, where R " FracpAq is the fraction field of A. The rank rk R L of a subalgebra L of R Der K A is defined as dimension dim R RL. We prove that every locally nilpotent subalgebra L of
Introduction
Let K be a field of characteristic zero and A an associative-commutative algebra over K that is an integral domain. The set of all K-derivations of A forms a Lie algebra Der K A, which carries important (and often exhaustive) information about the algebra A (see, for example, [9] ). In the case of the formal power series ring A " Rrrx 1 , x 2 , . . . , x n ss, the structure of subalgebras of the Lie algebra Der K A is closely connected with the structure of the symmetry groups of differential equations. Finite-dimensional subalgebras of the Lie algebra Der K A, where A " Krrxss, A " Krrx, yss and K " R or K " C, are described in [2] , [3] , [4] .
Each derivation D P Der K A can be uniquely extended to a derivation of the fraction field R " FracpAq of A, and if r P R then one can define a derivation rD : R Ñ R by setting rDpxq " r¨Dpxq for all x P R. For the study of the Lie algebra Der K A, it is convenient to consider a larger Lie algebra R Der K A. It is an R-linear hull of the set trD|r P R, D P Der K Au and simultaneously a subalgebra (over K) of the Lie algebra Der K R of all derivations of R. We will denote the Lie algebra R Der K A by W pAq. For a subalgebra L of W pAq we define the rank rk R L of L over R as rk R L " dim R RL. In [5] , nilpotent and solvable subalgebras of finite rank of the Lie algebra W pAq were studied. The structure of nilpotent Lie algebras of derivations with rank 3 was described in [7] . Nilpotent subalgebras of W pAq with the center of large rank were characterized in [10] .
In this paper, we study locally nilpotent subalgebras L of the Lie algebra W pAq with rk R L " n over the fraction field R. In particular, we prove in Theorem 1 that L contains a series of ideals
such that rk R L i " i and all the quotient Lie algebras L i`1 {L i are abelian for i " 0, 1, . . . , n´1. Theorem 2 describes maximal (with respect to inclusion) locally nilpotent subalgebras of rank 3 of the Lie algebra W pAq. Note that subalgebras of rank 1 in W pAq are one-dimensional over their field of constants. Lemma 10 describes the structure of subalgebras of rank 2 from W pAq obtained in [8] . The Lie algebras u n pKq of triangular derivations of polynomial rings, which were investigated in [1] , may be the reference point for the study of locally nilpotent Lie algebras of derivations.
We use standard notation. The ground field K is arbitrary of characteristic zero. By R we denote the fraction field of the integral domain A. The Lie algebra
A K-linear hull of elements x 1 , x 2 , . . . , x n we write by Kxx 1 , x 2 , . . . , x n y. Let L be a subalgebra of W pAq. Then the subfield F " F pLq of the field R that consists of all r P R with Dprq " 0 for all D P L is called the field of constants for L. The rank rk R L of L over R is defined by rk R L :" dim R RL, where RL " RxrD|r P R, D P Ly. If I is an ideal of L such that I " RI X L, then one can define the rank (over R) of the quotient Lie algebra L{I as rk R L{I :" dim R RL{RI. By u n pKq we denote the Lie algebra of all triangular derivations of the polynomial ring Krx 1 , x 2 , . . . , x n s. This algebra consists of all derivations of the form
where f i P Krx i`1 , . . . , x n s, i " 1, 2, . . . , n´1, and f n P K. A Lie algebra is called locally nilpotent if every its finitely generated subalgebra is nilpotent. The Lie algebra u n pKq is locally nilpotent but not nilpotent. It contains a series of ideals 0 " I 0 Ă I 1 Ă¨¨¨Ă I n " u n pKq with abelian factors and rk R I s " s for all s " 0, 1, . . . , n (see [1] ). Let V be a vector space over K (not necessary finite dimensional) and T a linear operator on V . The operator T is called locally nilpotent if for each v P V there exists a number n " npvq ě 1 such that T n pvq " 0.
Series of ideals in locally nilpotent Lie algebras of derivations
Some auxiliary results are presented in the following lemmas.
As we mentioned above, the set RL is an R-linear hull of elements rD for all r P R and D P L. Analogously we define the set F L for the field of constants F " F pLq. Lemmas 5, 8] Let L be a locally nilpotent subalgebra of rank n over R of the Lie algebra W pAq and F the field of constants for L. Then
Lemma 4. [5, Lemma 5] Let L be a nilpotent subalgebra of rank n ą 0 over R of the Lie algebra W pAq and F the field of constants for L. Then L contains a series of ideals
The elements D and rD generate a nilpotent subalgebra L 3 " KxD, rDy of the Lie algebra L since L is locally nilpotent. Every nilpotent subalgebra of rank 1 over R from W pAq is abelian (Lemma 2 (4)). Thus L 3 is an abelian Lie algebra. Then
Remark 1. Let L be a subalgebra of finite rank over R of the Lie algebra W pAq and I a proper ideal of
Lemma 6. Let L be a locally nilpotent subalgebra of finite rank over R of the Lie algebra
Proof. Suppose to the contrary that there exist a subalgebra L of W pAq and an ideal I of L that satisfy the conditions of the lemma, and rk R pL{Iq 1 " rk R pL{Iq. Then this rank equals n´k, where rk R L " n, rk R I " k. Choose a basis tD 1 , D 2 , . . . , D n´k u of pL{Iq 1 as the set of vectors over R. Under our assumptions this basis is also a basis of L{I over R. Each D i P pL{Iq 1 is a sum of some commutators from L{I, that is
Since the Lie algebra L is locally nilpotent, the subalgebra N is nilpotent. Denote L 1 " N`I. It is easy to see that
This implies the equalities
Iq is a nilpotent Lie algebra, the center ZpL 1 {Iq is nonzero. Let us choose a nonzero D 1Ì P ZpL 1 {Iq and denote
By a continuation of these arguments, we construct a series of ideals
of the Lie algebra L 1 " N`I. Since the quotient algebra L 1 {J n´k´1 is of rank 1 over R and nilpotent, it is easy to see that 
Let rk R L " n, rk R I " k. Then rk R pL{Iq " n´k. The derived subalgebra pL{Iq 1 " L 1`I of the Lie algebra L{I is of rank less then rk R L{I by Lemma 6. Set M " RpL 1Ì q X L. By Lemma 2 (2) M is an ideal of L, and rk R M " rk R pL 1`I q ă n. It is easy to
The subalgebra M of L is locally nilpotent and thus ZpM{Iq ‰ 0 by our choice of the Lie algebra L. Obviously, ZpM{Iq is a (possibly infinite-dimensional) vector space over K. Note that the quotient Lie algebra L{M is abelian and dim F pF L{F Mq " n´k by Lemma 3 (2), where F " F pLq is the field of constants for L.
The latter states that D 0`I P ZpF L{F Iq. Therefore, in view of the condition I " RI X L, we get D 0 P ZpL{Iq. [8] , Theorem 1) . Let L be a nonzero locally nilpotent subalgebra of finite rank over R of the Lie algebra W pAq. Then the center of the Lie algebra L is nonzero. Theorem 1. Let L be a locally nilpotent subalgebra of rank n over R of the Lie algebra W pAq. Let F be the field of constants for L. Then (1) L contains a series of ideals
Corollary 1. (see
such that rk R L s " s and the quotient Lie algebra L s {L s´1 is abelian for all s " 1, 2 . . . , n; (2) There exists a basis tD 1 , . . . , D n u of L over R such that
Proof. (1)-(2) By Corollary 1, there exists a nonzero
We construct a series of ideals (1) and a basis from the conditions of the theorem. Moreover, since rk R L s`1 {L s " 1 Lemma 5 implies that the quotient Lie algebras L s`1 {L s are abelian for all s " 0, 1, . . . , n´1.
(3) The proof is analogous to the proof of Lemma 4.
Locally nilpotent subalgebras of rank 3 of the Lie algebra W pAq
In the following lemma the main results of [7] are collected. 
where
where D 1 paq " D 2 paq " 0 and D 3 paq " 1, D 1 pbq " D 3 pbq " 0 and D 2 pbq " 1.
In [8] , the description of locally nilpotent subalgebras of W pAq of ranks 1 and 2 was given.
Lemma 10. [8, Theorem 2] Let L be a locally nilpotent subalgebra of the Lie algebra
W pAq and F the field of constants for L.
where rD 1 , D 2 s " 0, D 1 paq " 0, and D 2 paq " 1.
Theorem 2. Let L be a maximal (with respect to inclusion) locally nilpotent subalgebra of the Lie algebra
W pAq such that rk R L " 3. Let F be the field of constants for L. Then F L " L
and L is a Lie algebra over F of one of the following types: (1) L is a nilpotent Lie algebra of dimension
Proof. The Lie algebra F L is locally nilpotent by Lemma 3. Therefore, the maximality of the subalgebra L Ď W pAq implies F L " L. By Corollary 1 ZpLq ‰ 0. If rk R ZpLq " 3, then one can easily see that L is abelian. Thus, it follows from Lemma 2 that L is the abelian Lie algebra of dimension 3 over F and L is of type (1) from the conditions of the theorem.
Case 1. Let rk R ZpLq " 2. Let us choose arbitrary elements D 1 , D 2 P ZpLq linearly independent over R and set I " pRD 1`R D 2 q X L. Then in view of Theorem 1, I is an ideal of the Lie algebra L of rank 2 over R and dim F pF L{F Iq " 1. It is easy to verify that I is abelian. Indeed, take an arbitrary
whence it follows r 1 , r 2 P Ker D 1 XKer D 2 . Therefore, for all D, D 1 P I we get rD, D 1 s " 0. Let us take an element D 3 P L{I. It was proved above that F L " F I`F D 3 . Consider a nonabelian finitely generated (over K) subalgebra M of the Lie algebra L such that
where a P R such that D 3 paq " 1 and D 1 paq " D 2 paq " 0. Then M is contained in the locally nilpotent Lie algebra of the form
where a P R is defined by derivations D 1 , D 2 , D 3 up to a term from F . Since the subalgebra M is an arbitrarily chosen in L, we have L Ď L 1 . In view of the maximality of the Lie algebra L, we get that L " L 1 and L is of type (2) from the conditions of the theorem.
then the Lie algebra L is nilpotent of dimension 3 over F and L is of type (1) from the conditions of the theorem. Therefore, further we assume that dim F F L ě 4. Take a nonzero D 1 P ZpLq. Then I 1 " RD 1 X L is an ideal of the Lie algebra L of rank 1 over R (by Lemma 2) . The center of the quotient Lie algebra L{I 1 is nontrivial by Lemma 8 and thus, we may choose a nonzero D 2`I1 P ZpL{I 1 q. By Theorem 1, I 2 " pRD 1`R D 2 q X L is an ideal of the Lie algebra L, rk R I 2 " 2, and dim F F L{F I 2 " 1. Then for some D 3 P F LzF I 2 we get F L " F I 2`F D 3 . Moreover, from the choice of D 2 it is easy to see that rD 3 , D 2 s P I 1 , so rD 3 , D 2 s " r 3 D 1 Let us show that the ideal F I 2 is nonabelian. Suppose this is not true and F I 2 is abelian. Since dim F F L ě 4, dim F F I 2 ě 3. Then there exists D " r 1 D 1`r2 D 2 P F I 2 such that at least one of the coefficients r 1 , r 2 is not in F . From the obvious equalities
Since at least one of r 1 , r 2 not in F , either D Let us prove that F I 1 " F rasD 1 , where F ras " tf paq|f ptq P F rtsu. Consider the sum L 1 " L`F rasD 1 . Since rI 2 , F rasD 1 s " 0 and rD 3 
Conversely, take an arbitrary element rD 1 P I 1 . Then D 1 prq " 0 and D 2 prq " 0 since the ideal F I 2 is abelian by our assumption. The operator ad D 3 acts locally nilpotently on rD 1 , so D k 3 prq " 0 for some integer k ě 1. One can show (using [7, Lemma 6] ) that r is a linear combination over the field F of elements 1, a, . . . , a t for some positive integer t. Thus rD 1 P F rasD 1 . Therefore, I 1 Ď F rasD 1 and F I 1 " F rasD 1 .
Since rD 3 , D 2 s P I 1 , we get that rD 3 , D 2 s " f paqD 1 for some f ptq P F rts. The field F is of characteristic zero, so there exists a polynomial gptq P F rts such that g
Then rD 3 , r D 2 s " 0, and r D 2 has the same other properties as the derivation D 2 . Thus we may assume without loss of generality that rD 3 , D 2 s " 0. Then D 2 P ZpLq and rk R ZpLq " 2, which contradicts our assumption. This means that the ideal F I 2 of the Lie algebra F L is nonabelian.
Let us show that L is a Lie algebra of type (3) from the conditions of the theorem. Consider an arbitrary nonabelian finitely generated subalgebra M of F I 2 such that D 1 , D 2 P M (such a subalgebra does exist because F I 2 is a nonabelian ideal of L). Denote by N a subalgebra of L generated by the Lie algebra M and D 3 . Then rk R N " 3 and N is a nonabelian Lie algebra that contains a nonabelian ideal N 2 of rank 2 over R such that dim F F N{F N 2 " 1. By Lemma 9, there exist a, b P R such that D 1 paq " D 2 paq " 0, The Lie algebra L 2 is a locally nilpotent subalgebra of W pAq of rank 3 over R. Since N is an arbitrarily chosen subalgebra of L, L is contained in L 2 . In view of maximality of the Lie algebra L, we obtain L " L 2 . The proof is complete. 
